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Abstract. The slow-roll approximation is an analytical approach to study dynamical prop-
erties of the inflationary universe. In this article, systematic construction of the slow-roll
expansion for effective loop quantum cosmology is presented. The analysis is performed up
to the fourth order in both slow-roll parameters and the parameter controlling the strength of
deviation from the classical case. The expansion is performed for three types of the slow-roll
parameters: Hubble slow-roll parameters, Hubble flow parameters and potential slow-roll
parameters. An accuracy of the approximation is verified by comparison with the numerical
phase space trajectories for the case with a massive potential term. The results obtained in
this article may be helpful in the search for the subtle quantum gravitational effects with use
of the cosmological data.
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1 Introduction
The inflationary epoch provides a unique window to test various generalizations of the well-
grounded physical theories. This, in particular, concerns supersymmetric extensions of the
Standard Model of elementary interactions [1–4]. The inflationary phase may also serve as
a testing ground for quantum extensions of General Relativity. Awareness of the second
possibility has significantly increased in the recent years, which is reflected by the number of
studies performed within various approaches to quantum gravity. The attempts to confront
cosmological data, throughout inflation, with such approaches to quantum gravity as Loop
Quantum Gravity [5–7], Causal Dynamical Triangulations [8, 9], Horava-Lifschitz gravity
[10], Canonical Quantum Gravity [11] have been made.
The simplest model of inflationary period is given by the scalar field theory undergoing
the slow-roll type of evolution. In the light of the WMAP data [12] the inflationary model
with the quadratic potential (convex potential function) served as the most conservative
explanation of the available observations. The model is, however, not favored by the combined
up to date Planck and BICEP II observations [13]. Instead, models with either non-minimal
coupling between scalar matter and gravity (Starobinsky model [14]) or upside-down (concave
potential function) gain observational support. In both cases, the slow-roll conditions are
satisfied.
Due to increasing precision of the observational data, reliable discrimination between
the two models mentioned above as well as other possibilities requires departure beyond
the linear order of the slow-roll approximation. Because of this, systematic analysis of the
more subtle, higher order, contributions gains justification. This is especially important in
the situation when deviations from the canonical inflationary models are expected to be very
small. The quantum gravitational corrections to the inflationary dynamics are often expected
to be of this kind.
In this article, we study a phase of inflation with a particular type of the quantum
gravitational corrections, namely with the so-called holonomy corrections [15, 16]. The term
“corrections” is usually associated with a small deviation. In case of the holonomy corrections
this is not true in the deep Planck epoch, where the holonomy corrections lead to non-
perturbative modifications of dynamics generating such effects as: singularity avoidance [17],
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signature change [18–20] and the state of silence [21, 22]. On the other hand, during inflation
the holonomy corrections can be treated as small deviations from the standard case.
While the inflation with holonomy corrections has already been a subject of quite broad
studies, the linear slow-roll approximation was mostly discussed in this context [23–25, 27,
34]. Furthermore, the definitions of the holonomy-corrected lowest order potential slow-roll
parameters have been introduced on the basis of some heuristic arguments. It turns out that
such approach cannot be directly extrapolated to parametrize the higher order contributions.
The aim of this paper is to resolve this issue, providing a systematic procedure of constructing
the slow-roll approximation in loop quantum cosmology for the three major types of the slow-
roll parameters discussed in literature.
In case of the Hubble flow parameters [28, 29] the analysis has been already been
partially performed in Refs. [30, 31]. The expansion is, however, not sufficient from the
perspective of the potential shape reconstruction. Here, firstly the slow-roll expansion in
terms of the Hubble slow-roll parameters is studied. Then, the Hubble flow parameters are
expressed in terms of the Hubble slow-roll parameters. Finally, slow-roll expansion in terms
of the potential parameters is discussed. In the calculations, the methodology developed at
the level of standard inflationary cosmology [32] is adopted.
The starting point for our analysis is the modified Friedmann equation [33]:
H2 =
κ
3
ρ
(
1− ρ
ρc
)
, (1.1)
where ρc is a maximal allowed energy density and κ :=
8π
m2
Pl
. In our calculations, the energy
density of the scalar field takes the classical form
ρ =
1
2
φ˙2 + V (φ), (1.2)
and the field variable φ satisfies the Klein-Gordon equation:
φ¨+ 3Hφ˙+ V,φ = 0. (1.3)
Furthermore, we introduce the following dimensionless ratio
δH :=
ρ
ρc
≤ 1, (1.4)
which parametrizes departure from the classical case, will be considered here as an expansion
parameter, supplementary to the slow-roll parameters. Except the maximal value δH = 1,
two other values of the parameter δH are distinguished. The first is δH = 0, which corresponds
to the unmodified case, associated with taking ρc → ∞. Alternatively, δH → 0 just when
energy density is decreasing, which is an another way to recover the classical behavior. The
second, more interesting value of the deformation parameter is δH =
1
2 . As indicated by the
analysis of the perturbative sector of inhomogeneities [18–20], the value of δH =
1
2 (for which
H = Hmax) corresponds to the signature change between Lorentzian and Euclidean. Namely,
in the deep quantum regime δH ∈ (1/2, 1] the space-time signature is Euclidean, while when
passing to the “low” energy density range δH ∈ (0, 1/2) the space-time acquires the Lorentzian
signature, as expected. Because of this effect, in practice, the region δH ∈ (0, 1/2) will be
most adequate from the perspective of studying the slow-roll approximation.
Throughout this article we consequently apply the Planck units, where ~ = c = 1 and
G = 1/m2Pl and where mPl denotes the Planck mass.
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2 Hubble slow-roll parameters
Our goal is to construct systematic slow-roll approximation of the inflationary dynamics
characterized by the condition
a¨ > 0. (2.1)
A central role in the slow-roll approximation is played by the slow-roll parameters. The
parameters are defined such that the approximation is valid in the range of the absolute
values of the slow-roll parameters being much smaller than unity. Among different possible
types of the slow-roll parameters, the Hubble slow-roll parameters and the potential slow-roll
parameters [32] are in common use.
In this section, we focus on studying the slow-roll approximation for the cosmological
dynamics characterized by Eq. 1.1 using the first type of the slow-roll parameters. Despite
the fact that the dynamics under consideration is deformed with respect to the standard one,
in our analysis we keep the definitions of the Hubble slow-roll parameters in the standard
form. Such kinematical approach allows us to compare results characterized by different
dynamical equations.
In case of the Hubble slow-roll parameters, the Hubble factor is considered as an explicit
function of φ, namely H = H(φ). The formulation is, therefore, reserved to the single field
inflationary models. Following Ref. [32] the parameters can be introduced as follows:
ǫH :=
2
κ
(
H,φ
H
)2
, (2.2)
ηH :=
2
κ
H,φφ
H
, (2.3)
ξH :=
2
κ
(
H,φH,φφφ
H2
)1
2
, (2.4)
σH :=
2
κ
(
(H,φ)
2H,φφφφ
H3
) 1
3
. (2.5)
In general, the Hubble slow-roll parameters can be generated from the following formula:
nβH :=


ǫH for n = 0,
2
κ
(
(H,φ)
n−1
(
dn+1
dφn+1
H
)
Hn
) 1
n
for n ≥ 1. (2.6)
The idea of slow-roll expansion is that in the inflationary phase, the slow-roll parameters
satisfy the condition |nβH | < 1, which allows for perturbative analysis.
Let us verify this condition in case of n = 1, corresponding to the parameter ǫH . For
this purpose, we have to differentiate Eq. (1.1) with respect to time, using (1.2) and (1.3).
This results in
H˙ = −κ
2
φ˙2 (1− 2δH) , (2.7)
which, with use of H˙ = H,φφ˙, can be further transformed to
H,φ = −κ
2
φ˙ (1− 2δH) . (2.8)
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Applying the obtained expression to definition (2.2), we find that
ǫH = − H˙
H2
(1− 2δH) =
(
1− a¨
aH2
)
(1− 2δH ). (2.9)
It is transparent that, in the domain δH <
1
2 the condition (2.1) translates into ǫH < 1.
Our task now is to express H2 up to the fourth order in both, the slow-roll parameters
and the parameter (1.4). For this purpose, we re-express (2.8) to the form
φ˙ = −2
κ
H,φ
1− 2δH (2.10)
and apply it in the formula (1.2), obtaining
ρ =
2(H,φ)
2
κ2 (1− 2δH)2
+ V. (2.11)
In the next step, from (1.1) and (2.11) we obtain expression
H2 =
κ
3
V
1− δH
1− 13ǫH 1−δH(1−2δH )2
, (2.12)
which, by expanding, gives us H2 up to the fourth order in δH and the Hubble slow-roll
parameter ǫH :
H2 =
κ
3
V
(
1 +
1
3
ǫH − δH + 1
9
ǫ2H +
2
3
ǫHδH +
1
27
ǫ3H +
5
3
ǫHδ
2
H +
5
9
ǫ2HδH
+
1
81
ǫ4H +
8
27
ǫ3HδH +
19
9
ǫ2Hδ
2
H + 4ǫHδ
3
H + . . .
)
. (2.13)
In classical limit (δH = 0), the result is coincides with the one derived in Ref. [32].
3 Hubble flow parameters
A drawback of the Hubble and potential type slow-roll parameters is that the definitions are
applicable for single inflation field models only. Therefore, it is desired to introduce definitions
which work also for other types of matter contents, such as multi-component scalar field.
In the course of inflation, the Hubble factor is a nearly constant (slowly decreasing)
function of a scale factor. The rate of change of the Hubble factor or its inverse (the hori-
zon/Hubble radius) as a function of the scale factor is a natural starting point for the def-
inition of the the slow-roll parameters (in a way independent on the form of the matter
content). This observation has been employed in the definition of the so-called “Hubble flow
parameters,” which are introduced with use of the recurrence relation [28, 29]:
ǫn+1 ≡ d ln ǫn
d ln a
=
1
H
ǫ˙n
ǫn
, (3.1)
together with the initial condition
ǫ0 ≡ H0
H
. (3.2)
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In the context of loop quantum cosmology, the Hubble flow parameters (up to the
quadratic order) have been used in Refs. [30, 31], where quantum corrections to the infla-
tionary spectra were analyzed.
In what follows we analyze expressions for the first four Hubble flow parameters and
relate them with the Hubble slow-roll parameters introduced in the previous section. Further
application of the results of the Sec. 4 allows us to determine dependence of the Hubble
slow-roll parameters on the potential slow-roll parameters. With use of such relation, the
procedure of reconstruction of the potential function based on the observationally determined
values of ǫn may be conducted.
Application of the recurrence relation (3.1), together with the initial condition (3.2),
leads us to the following expressions:
ǫ1 = − H˙
H2
=
ǫH
1− 2δH = ǫH + 2ǫHδH + 4ǫHδ
2
H + 8ǫHδ
3
H + . . . . (3.3)
ǫ2 =
H¨
H˙H
− 2 H˙
H2
=
2
(1− 2δH )(ǫH − ηH)− 4ǫHδH
(1− δH)
(1− 2δH )3
= 2ǫH − 2ηH − 12ǫHδ2H − 56ǫHδ3H − 4ηHδH − 8ηHδ2H − 16ηHδ3H + . . . (3.4)
ǫ3 =
1
H¨H − 2H˙2
(
...
H − H¨
2
H˙
− 3H¨H˙
H
+ 4
H˙3
H2
)
(3.5)
ǫ3ǫ2 = 4ǫ
2
H − 6ηHǫH + 2ξ2H + 8δHǫ2H − 12δHηHǫH + 8δHξ2H + 24δ2Hξ2H
+ 12δ2HηHǫH + 24δ
2
Hǫ
2
H + . . . (3.6)
ǫ4 =
[
−H4H˙H¨2 ...H +H4H¨4 +H3H˙2
(
HH¨
....
H − 8H¨3 −H ...H2
)
+ 7H3H˙3H¨
...
H − 2H2H˙4
(
H
....
H − 6H¨2
)
+ 2H2H˙5
...
H − 26HH˙6H¨ + 16H˙8
]
/[
H2H˙
(
HH¨ − 2H˙2
)(
H2H˙
...
H −H2H¨2 − 3HH˙2H¨ + 4H˙4
)]
(3.7)
ǫ4ǫ3ǫ
2
2 = 4η
2
Hξ
2
H + 4ηHσ
3
H − 4ξ4H − 52ηH ǫ3H + 56η2Hǫ2H − 24η3H ǫH
+ 4ξ2Hǫ
2
H − 4σ3HǫH + 16ǫ4H + . . . (3.8)
Methodology behind obtaining these formulas is the following: Firstly, we iteratively
applied the recurrence relation (3.1) to express the Hubble flow parameters in terms of the
time derivatives of the Hubble parameters. Secondly, we systematically replaced the time
derivatives of the Hubble parameters by appropriate differentiations with respect to the scalar
field. In particular, in the lowest order, the adequate formula is:
H˙ = φ˙H,φ = −2
κ
H2,φ
1− 2δH , (3.9)
where we used Eq. (2.10). Finally, definitions of the Hubble slow-roll parameters were ap-
plied. While the procedure is rather straightforward, complexity of calculations dramatically
increases together with the growth of n.
As an example, let us discuss some of the steps in derivation of ǫ2. Here, we have to
deal with the expression H¨, which with use of H˙ = φ˙H,φ, can be expressed as
H¨ = φ¨H,φ + φ˙
2H,φφ. (3.10)
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Now, defining C := − 2κ 1(1−2δH ) , the Eq. (2.10) can be written as φ˙ = CH,φ, which after
differentiation gives
φ¨ = C˙H,φ + C
2H,φH,φφ. (3.11)
The time derivative of the auxiliary function C can be expressed as
C˙ = 4δHC
2 (1− δH)
(1− 2δH)2
H2,φ
H
, (3.12)
which, when applied to Eq. 3.11, and then by substituting Eq. 3.11 in Eq. 3.10, leads to the
following formula:
H¨ = 4δHC
2 (1− δH)
(1− 2δH)2
H4,φ
H
+ 2C2H2,φH,φφ. (3.13)
The equation (3.13) can be now applied in the expression for ǫ2, written as a function
of H, H˙ and H¨. Finally, the definition of C and the definitions of the slow-roll parameters
ηH and ǫH have to be used to obtain Eq. (3.4).
4 Potential slow-roll parameters
The last type of the slow-roll parameters we are going to study here are the potential slow-roll
parameters, which are roughly a measure of “flatness” of the potential functions.
In the less formalized manner, the potential slow-roll parameters in the linear order
were a subject of investigations in Refs. [23, 25, 34]. In these referred articles, the potential
slow-roll parameters, ǫV and ηV were defined on the basis of heuristic arguments:
ǫV :=
1
2κ
(
V,φ
V
)2 1
1− Vρc
, (4.1)
ηV :=
1
κ
V,φφ
V
1
1− Vρc
, (4.2)
where we introduced overlies to distinguish the definitions from the ones discussed here.
While form of ǫV and ηV can be deduced from the slow-roll condition (2.1) combined with
the modified Friedmann equation (1.1), the same arguments cannot provide us definitions for
the further potential slow-roll parameters. Therefore, it is reasonable to use standard rather
than the modified (by the factor 1/(1 − V/ρc)) definitions of the slow-roll parameters. This
is also due to the fact that the role of the potential slow-roll parameters is to characterize a
potential function, independently on the dynamics. The factor 11−V/ρc is explicitly a sign of
the deformed dynamics present in the model.
For our purposes, only the first four potential slow-roll parameters are relevant [32]:
ǫV :=
1
2κ
(
V,φ
V
)2
, (4.3)
ηV :=
1
κ
V,φφ
V
, (4.4)
ξV :=
1
κ
(
V,φV,φφφ
V 2
) 1
2
, (4.5)
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σV :=
1
κ
(
(V,φ)
2V,φφφφ
V 3
) 1
3
. (4.6)
In general, the following definition is satisfied:
nβV :=


ǫV for n = 0,
1
κ
(
(V,φ)
n−1
(
dn+1
dφn+1
V
)
V n
) 1
n
for n ≥ 1. (4.7)
Furthermore, the following derivatives of the potential slow-roll parameters with respect
to φ are useful:
d
dφ
ǫV = 2κ
V
V,φ
(−2ǫ2V + ǫV ηV ) (4.8)
d
dφ
ηV = κ
V
V,φ
(−2ǫV ηV + ξ2V ) , (4.9)
d
dφ
ξ2V = κ
V
V,φ
(−4ǫV ξ2V + ηV ξ2V + σ3V ) , (4.10)
d2
dφ2
ǫV = 2κ
(
η2V + ǫ
2
V
(
2κ2
(
ξ2V − η2V
)
+ 6
)
+ 4κ2ηV ǫ
3
V − 6ηV ǫV
)
, (4.11)
d2
dφ2
ηV = κ
(−2η2V − ξ2V + 4κ2ǫ2V (ηV − ξV ) (ηV + ξV ) + 2ǫV (2ηV + κ2σ3V )) , (4.12)
d2
dφ2
ξ2V = κ
(−6ηV ξ2V + σ2V + 2ǫV (κ2 (ηV σ2V (3σV − 1) + τ4V )+ κ2ξ4V + 6ξ2V )
− 20 κ2σ3V ǫ2V
)
, (4.13)
δH,φ =
3
κ
d
dφH
2
ρc(1− 2δH) , (4.14)
δH,φφ =
3
κ
d2
dφ2H
2
ρc(1− 2δH) +
6
κ
δH,φ
d
dφH
2
ρc(1− 2δH)2 . (4.15)
The method which will be presented below allows to determine solution of (1.1) to an
arbitrary order in the potential slow-roll parameters.
In order to make the calculations easier, we introduce an auxiliary parameter:
f :=
H,φ
H
=
d
dφH
2
2H2
(4.16)
and write the first Hubble slow-roll parameter in terms of it:
ǫH =
2
κ
f2. (4.17)
Now, we will proceed iteratively, employing the following steps:
1. Start from H2 to n-th order in potential slow-roll parameters and in parameter δH (the
approximation for n = 0 is H2 = κ3V ).
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2. Using this approximation, expressions for derivatives of potential slow-roll parameters
(4.8)-(4.13) and values of derivatives of δH to the (n− 1)-th order obtain derivatives of
δH to the n-th order from (4.14) and (4.15). The first non-zero values are for n = 2:
δH,φ ≃ V,φV δH , δH,φφ ≃ κηV δH .
3. Calculate an approximate value of f from (4.16) and then ǫH up to the (n+1)-th order
from (4.17).
4. Finally, calculate H2 to the (n + 1)-th order from (2.13).
The above procedure is valid because of the following:
Lemma 1. For any expression which is a product of slow-roll parameters and quantities
independent on φ, and it is of the order k ≥ 0 in slow-roll parameters, the derivative of this
expression with respect to φ is at least of the order k.
Proof. We will omit numerical constants, writing ”∼”. For k = 0 after differentiation we
obtain 0, so the lemma is satisfied. For k = 1 there are two cases dependent on value of ”n”
in nβV . For n = 0:
d
dφ
0βV = ǫV,φ =
V,φ
V
(ηV − 2ǫV ) , (4.18)
which is of order 32 in slow-roll parameters. Next, for n ≥ 1:
d
dφ
nβV ∼ V −2V,φ(V,φ)
n−1
n
(
dn+1
dφn+1
V
) 1
n
+ V −1(V,φ)
n−1
n
−1V,φφ
(
dn+1
dφn+1
V
) 1
n
+ V −1(V,φ)
n−1
n
(
dn+2
dφn+2
V
)(
dn+1
dφn+1
V
) 1
n
−1
∼ nβV V,φ
V
+ nβV
V,φφ
V,φ
+
(
n+1βV
)n+1
(nβV )
1−n V
V,φ
, (4.19)
which is also of order 32 in slow-roll parameters. Let us consider expression of arbitrary order
k ≥ 2:
(n1βV )
k1 · (n2βV )k2 · . . . · (nsβV )ks , (4.20)
where k1 + k2 + . . .+ ks = k. We calculate:
d
dφ
[
(n1βV )
k1 · (n2βV )k2 · . . . · (ns−1βV )ks−1 · (nsβV )ks
]
=
=
{
d
dφ
[
(n1βV )
k1
]}
·
[
(n2βV )
k2 · . . . · (nsβV )ks
]
+
{
d
dφ
[
(n2βV )
k2
]}
·
[
(n1βV )
k1 · . . . · (nsβV )ks
]
+ . . .
+
{
d
dφ
[
(nsβV )
ks
]}
·
[
(n1βV )
k1 · (n2βV )k2 · . . . ·
(
ns−1βV
)ks−1]
.
(4.21)
Notice that:
d
dφ
[
(niβV )
ki
]
= ki (
niβV )
ki−1 · d
dφ
[(niβV )] , (4.22)
which is of order 32+ki−1 = ki+ 12 in slow-roll parameters. By virtue of (4.22) every element
of sum (4.21) is of order 32 + (
∑s
i=1 ki)− 1 = 12 + k > k, which completes the proof.
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The lemma guarantees that when we differentiate a given expression, the result is of at
least the same order in slow-roll parameters, so we do not lose any terms.
In order to better visualize technology of the method, let us explicitly calculate (up to
the second order) expressions for ǫH and H
2 in terms of the potential slow-roll parameters.
The 0th order expression for H2 is H2 = κ3V . Applying this to the definition of f we
obtain f = 12
V,φ
V , based on which ǫH =
2
κf
2 = 12κ =
1
2κ
(
V,φ
V
)2
= ǫV . Applying this to (2.13),
we obtain the 1st order expression:
H2 =
κ
3
V
(
1 +
1
3
ǫV − δH
)
. (4.23)
Now, let us repeat the procedure with use of (4.23) in expression (4.16). We obtain f =
1
2
V,φ
V
(
1− 23ǫV + 13ηV − δH
)
, which leads to ǫH = ǫV − 43ǫ2V + 23ǫV ηV −2ǫV δH . By substituting
this expression in (2.13), we find that, up to the second order:
H2 =
κ
3
V
(
1 +
1
3
ǫV − δH − 1
3
ǫ2V +
2
9
ǫV ηV
)
. (4.24)
Following this procedure, we find the 4th order expression of the Hubble slow-roll pa-
rameter
ǫH = ǫV − 4
3
ǫ2V +
2
3
ǫV ηV − 2ǫV δH + 32
9
ǫ3V −
10
3
ǫ2V ηV +
5
9
ǫV η
2
V +
2
9
ǫV ξ
2
V + ǫ
2
V δH
− 2
3
ǫV ηV δH − ǫV δ2H −
44
3
ǫ4V +
530
27
ǫ3V ηV −
62
9
ǫ2V η
2
V +
14
27
ǫV η
3
V −
16
9
ǫ2V ξ
2
V
+
2
3
ǫV ηV ξ
2
V +
2
27
ǫV σ
3
V +
13
18
ǫ3V δH −
4
9
ǫ2V ηV δH +
8
3
ǫ2V δ
2
H −
4
3
ǫV ηV δ
2
H + . . .
(4.25)
which by applying to (2.13), leads to the following 4th order expression:
H2 =
κ
3
V
(
1 +
1
3
ǫV − δH − 1
3
ǫ2V +
2
9
ǫV ηV +
25
27
ǫ3V −
26
27
ǫ2V ηV +
5
27
ǫV η
2
V +
2
27
ǫV ξ
2
V
− 4
9
ǫ2V δH +
2
9
ǫV ηV δH − 328
81
ǫ4V +
460
81
ǫ3V ηV −
172
81
ǫ2V η
2
V +
14
81
ǫV η
3
V −
44
81
ǫ2V ξ
2
V
+
2
9
ǫV ηV ξ
2
V +
2
81
ǫV σ
3
V +
109
54
ǫ3V δH −
56
27
ǫ2V ηV δH +
10
27
ǫV η
2
V δH +
4
27
ǫV ξ
2
V δH
−5
9
ǫ2V δ
2
H +
2
9
ǫV ηV δ
2
H + . . .
)
.
(4.26)
In classical limit (δH = 0), the result is consistent with the one derived in Ref. [32].
5 An attractor
The slow-roll evolution is typically realized by the phase-space trajectories approaching at-
tractor of the dynamics. Expect for some special cases, finding expression for the attractor
solution is a difficult task. One of them is the asymptotic attractor for the classical FRW
dynamics with a single massive scalar field. In that case the attractors are asymptotically
(far from the centre of the coordinate system) given by two trajectories which are parallel
to the φ˙ = 0 axis at the (φ, φ˙) plane. In this case, the sign of dφ˙dt depends on whether a
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trajectory is approaching the attractor either from below or from above. The transition line
between the regions of different signs of dφ˙dt defines the attractor condition:
dφ˙
dt
= −3Hφ˙− V,φ ≈ 0, (5.1)
where we used the Klein-Gordon equation (1.3). Under some conditions, validity of the
attractor condition (5.1) can be extrapolated to different models. Here, we address this issue
in the context of the model being a subject of this paper. For this purpose, let us rewrite
the Klein-Gordon equation (1.3) in the following form:
φ¨
Hφ˙︸︷︷︸
:=A
+3 +
V,φ
Hφ˙︸ ︷︷ ︸
:=B
= 0. (5.2)
The attractor condition (5.1) is satisfies if both A and B factors are independently sufficiently
small, |A| ≪ 1 and |B| ≪ 1. With use of Eq. 3.11 one can find exact expression for the
factor A as a function of slow-roll expansion parameters:
A = −4δHǫǫH
(1− δH)
(1− 2δH)3 − ηH
1
(1− 2δH) = −ηH +O(2). (5.3)
The condition |A| ≪ 1 is, therefore, satisfied in the slow-roll regime. On the other hand,
leading contribution to B can be written as
B = ηH − ǫH +O(2), (5.4)
which also satisfies the condition |B| ≪ 1 in the slow-roll regime. One can, therefore,
conclude that in the slow-roll regime, the approximate attractor condition (5.1) is satisfied
also in case when the holonomy corrections are present. The value of the δH parameter has
to be, however, sufficiently small.
With use of Eq. (5.1) and expression on H(φ) given by Eq. 4.26, the attractor equation
can be written as:
φ˙ ≃ − V,φ
3H(φ)
= ∓
√
2
3
V ǫV
(
1− ǫV
6
+
δH
2
+
5ǫ2V
24
− ǫV ηV
9
− ǫV δH
4
+
3δ2H
8
− 241ǫ
3
V
432
+
29
54
ǫ2V ηV −
5
54
ǫV η
2
V −
1
27
ǫV ξ
2
V +
83
144
ǫ2V δH −
5
18
ǫV ηV δH − 5
16
ǫV δ
2
H
+
5δ3H
16
+
299ǫ4V
128
− 2047
648
ǫ3V ηV +
365
324
ǫ2V η
2
V −
7
81
ǫV η
3
V +
47
162
ǫ2V ξ
2
V
−1
9
ǫV ηV ξ
2
V −
1
81
ǫV σ
3
V −
1783
864
ǫ3V δH +
211
108
ǫ2V ηV δH −
35
108
ǫV η
2
V δH
− 7
54
ǫV ξ
2
V δH +
637
576
ǫ2V δ
2
H −
35
72
ǫV ηV δ
2
H −
35
96
ǫV δ
3
H +
35δ4H
128
+ . . .
)
.
(5.5)
6 A case study
The purpose of this section is to verify validity of the obtained approximations using the
example of the scalar field with quadratic potential function:
V (φ) =
1
2
m2φ2. (6.1)
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For such potential only the first two potential-type slow-roll parameters are non-vanishing:
ǫV = ηV =
2
κ
1
φ2
. (6.2)
In case of the quadratic potential, it is convenient to work with the variables [34]:
x :=
mφ√
2ρc
, and y :=
φ˙√
2ρc
, (6.3)
which allow us to reformulate expression for the energy density into the form:
x2 + y2 =
ρ
ρc
≤ 1. (6.4)
In the x − y parametrization, the phase trajectories of the scalar field are confined in
the unit circle, where the boundary corresponds to the bounce, ρ = ρc.
The slow-roll approximation is valid up to ǫV ≈ 1, which can be considered as the
condition for termination of the inflationary period. This condition, for the massive potential
case studied in this section, can be translated into an adequate range of x at which the slow-
roll approximation is valid. Namely, combining ǫV ≈ 1 together with (6.4), we find that
|x| ∈ [xmin, 1], where xmin = 1√8π
(
mmPl
ρc
)
.
Applying Eq. 6.1 and Eqs. 6.2 to expression (5.5) we obtain the following attractor
equation:
y = ∓ 1
2
√
6π
(
mmPl√
ρc
)(
1− 1
6
1
8π
(
m2m2Pl
ρc
)
1
x2
+
1
2
(
x2 +
1
24π
m2m2Pl
ρc
)
+ . . .
)
, (6.5)
where, for clarity, we presented only the leading (O(ǫV , ηH)) contributions. Derivation of the
formula (6.5) requires expressing δH as a function the potential slow-roll parameters and the
potential V . Consequently, with use of Eq. 2.10 one can find that:
δH =
V
ρc
[
1 +
1
3
ǫV − ǫ
2
V
3
+
2ǫV ηV
9
+
ǫV δH
3
+
25ǫ3V
27
− 26
27
ǫ2V ηV +
5
27
ǫV η
2
V +
2
27
ǫV ξ
2
V
−7
9
ǫ2V δH +
4
9
ǫV ηV δH +
1
3
ǫV δ
2
H −
109ǫ4V
27
+
460
81
ǫ3V ηV −
172
81
ǫ2V η
2
V +
14
81
ǫV η
3
V
−44
81
ǫ2V ξ
2
V +
2
9
ǫV ηV ξ
2
V +
2
81
ǫV σ
3
V +
53
18
ǫ3V δH −
82
27
ǫ2V ηV δH +
5
9
ǫV η
2
V δH
+
2
9
ǫV ξ
2
V δH −
4
3
ǫ2V δ
2
H +
2
3
ǫV ηV δ
2
H +
1
3
ǫV δ
3
H + . . .
]
.
(6.6)
In Fig. 1 we compare the attractor trajectory (6.5), calculated at different orders of
approximation, with representative dynamical trajectories obtained numerically.
Comparison of the analytical prediction with the numerical results confirms validity of
the obtained formulas in the range from x ≈ xmin to x ≈ 0, 7. For x < xmin the slow-
roll conditions are broken. On the other hand, at x > 0, 7 the slow-roll conditions are
still valid while the approximation significantly departs from the attractor trajectory (the
trajectory which begins the point (1, 0)). An explanation of this feature lies in limited range
of applicability of the attractor condition, Eq. 5.1. Furthermore, the observed departure
coincides with the value at which the Hubble factor takes its maximal value (ρ = ρc/2),
– 11 –
Figure 1. Exemplary dynamical trajectories for the model with a massive scalar field. Here, we
fixed m = mPl and ρc = m
4
Pl
. The red points at the boundary represent the values at which the
initial conditions have been imposed. In the shadowed region the slow-roll approximation is violated,
ǫV > 1. The blue point at
(
xmin,− 1
2
√
6pi
(
mmPl√
ρc
))
indicates beginning of the range of applicability of
the slow-roll approximations discussed in this article. The trajectories starting from the points (1, 0)
and (0,−1) are the attractors of the dynamics.
which is x =
√
2/2 ≈ 0, 707 for y = 0. However, the region x > √2/2 for y → 0 corresponds
to the Euclidean sector of the theory, for which analysis of the slow-roll approximation may
have limited practical relevance.
In the presented example, we intentionally consider the case of large inflaton mass
m = mPl. Bigger the inflaton mass, shorter the inflationary period and less distinct the at-
tractor solution. In such case differences between discussed orders of approximation become
more significant, making comparison of the expressions more transparent. Decreasing the
mass drives the attractor closer to the y = 0 line, and improving accuracy of the approxi-
mation. Already a one order of magnitude decrease of the mass value leads to a significant
improvement of the accuracy of the approximation, even beyond x ≈ 0, 7.
7 Summary
In this article we have constructed systematic slow-roll expansion for the loop quantum
cosmology model with a single scalar field. The approximations were studied in case of the
Hubble type, horizon flow type and potential type slow-roll parameters. In our approach,
– 12 –
standard definitions of the slow-roll parameters were used. The developed methodology has
been employed to derive expressions for useful cosmological quantities up to the fourth order
in both the slow-roll parameters and the parameter δH . Validity of the obtained results was
confirmed by confrontation with numerically determined trajectories for the model with the
quadratic potential. It has been shown that the obtained analytical approximation for the
attractor trajectory converges with the numerical results in the Lorentzian domain (ρ < ρc/2)
if the slow-roll conditions are satisfied.
The primary goal of the performed studies was to construct analytical approximation
of the inflationary background dynamics in loop quantum cosmology, which is necessary for
the further studies of generation of inhomogeneities. The corrections to inflation due to the
presence of δH are very subtle. Therefore, any attempt to confront the predictions with
cosmological data will require taking into account approximations of sufficiently high order.
In Appendix we collected some additional formulas, which may be useful in the analysis of
the perturbative inhomogeneities.
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Appendinx
The results obtained in this article may be used to derive slow-roll approximations for various
cosmologically relevant quantities. Here, the expression for the scale factor a as well as a
′
a
and a
′′
a are discussed. All of these functions find application in the studies of cosmological
inhomogeneities.
Let us define the conformal time, which can be expressed as follows
τ :=
∫
dt
a
=
∫
dτ
dHH
2dH
H2 = −
∫
dτ
dHH
2d
(
1
H
)
= −
∫
1
1 + H˙
H2
d
(
1
H
)
, (7.1)
where H := aH. Integration of the last integral in (7.1) by parts leads to
τ = − 1
1 + H˙
H2
1
H

1− 2
(
H˙
H2
)2
− H¨
H3(
1 + H˙
H2
)2


−1
. (7.2)
Dividing (2.7) by H2 we obtain
H˙
H2
= −κ
2
φ˙2(1− 2δH )
H2
= − 1
2κ(1 − 2δH)
(
d
dφH
2
H2
)2
. (7.3)
A similar procedure leads to
H¨
H3
=
δH,φ
κ2(1− 2δH)3
(
d
dφH
2
H2
)3
+
(
d
dφH
2
)2 (
d2
dφ2H
2
)
κ2(1− 2δH)2H6 −
1
2κ2(1− 2δH)2
(
d
dφH
2
H2
)4
. (7.4)
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Combining (7.2), (7.3) and (7.4) one can find the following expression for the scale
factor:
a ≃− 1
Hτ
(
1 + ǫV +
11ǫ2V
3
− 4ǫV ηV
3
+
5ǫ3V
9
+
16
3
ǫ2V ηV −
19
9
ǫV η
2
V −
4
9
ǫV ξ
2
V +
7
3
ǫ2V δH
−4
3
ǫV ηV δH − ǫV δ2H +
281ǫ4V
9
− 1000
27
ǫ3V ηV +
152
9
ǫ2V η
2
V −
64
27
ǫV η
3
V +
8
3
ǫ2V ξ
2
V
−16
9
ǫV ηV ξ
2
V −
4
27
ǫ2V σ
2
V −
4
27
ǫV σ
3
V −
49
6
ǫ3V δH +
119
9
ǫ2V ηV δH −
38
9
ǫV η
2
V δH
−8
9
ǫV ξ
2
V δH +
4
3
ǫ2V δ
2
H − 2ǫV δ3H
)
.
(7.5)
With use of the obtained results one can also find slow-roll approximations for two
further useful quantities :
a′
a
=aH ≃ −1
τ
(
1 + ǫV +
11ǫ2V
3
− 4ǫV ηV
3
+
5ǫ3V
9
+
16
3
ǫ2V ηV −
19
9
ǫV η
2
V −
4
9
ǫV ξ
2
V +
7
3
ǫ2V δH
−4
3
ǫV ηV δH − ǫV δ2H +
281ǫ4V
9
− 1000
27
ǫ3V ηV +
152
9
ǫ2V η
2
V −
64
27
ǫV η
3
V +
8
3
ǫ2V ξ
2
V
−16
9
ǫV ηV ξ
2
V −
4
27
ǫ2V σ
2
V −
4
27
ǫV σ
3
V −
49
6
ǫ3V δH +
119
9
ǫ2V ηV δH −
38
9
ǫV η
2
V δH
−8
9
ǫV ξ
2
V δH +
4
3
ǫ2V δ
2
H − 2ǫV δ3H
)
,
(7.6)
a′′
a
=a2H2
(
1 +
H˙
H2
)
+
(
a′
a
)
≃ 1
τ2
(
2 + 3ǫV + 16ǫ
2
V − 6ǫV ηV
23ǫ3V
3
+
62
3
ǫ2V ηV
−9ǫV η2V − 2ǫV ξ2V + 11ǫ2V δH − 6ǫV ηV δH − 3ǫV δ2H +
1478ǫ4V
9
− 1588
9
ǫ3V ηV
+
670
9
ǫ2V η
2
V − 10ǫV η3V +
100
9
ǫ2V ξ
2
V −
70
9
ǫV ηV ξ
2
V −
16
27
ǫ2V σ
2
V −
2
3
ǫV σ
3
V −
65
2
ǫ3V δH
+56ǫ2V ηV δH − 18ǫV η2V δH − 4ǫV ξ2V δH + 6ǫ2V δ2H − 6ǫV δ3H
)
.
(7.7)
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